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Abstract. In the framework of the regional analysis of hydrological extreme events, a probabilistic mixture model,
given by a convex combination of two Gumbel distributions,
is proposed for rainfall extremes modelling. The papers concerns with statistical methodology for parameter estimation.
With this aim, theoretical expressions of the L-moments of
the mixture model are here defined. The expressions have
been tested on the time series of the annual maximum height
of daily rainfall recorded in Tuscany (central Italy).

1 Introduction
In hydrology the most frequent use of statistics has been that
of frequency analysis (Haan, 1994). This applies in particular when the magnitude of an event with a given return period
or the rarity of a hydrological event, has to be estimated. Often the common use of the asymptotic extreme value type I,
or Gumbel, distribution does not represent an acceptable fitting of the model to the observations of rare frequency, i.e.
it is not able to model the upper tail of the hydrological extreme events. This limit has been overcome, for example,
by the Two Components Extreme Value (TCEV) distribution
(Rossi et al., 1984). Observing the presence of outliers data,
the TCEV shows, in fact, a better fitting to the data sample skewness (Matalas et al., 1975), but it needs of a larger
sample in order to obtain a robust estimation of the parameters. For this reason such kind of distributions are often
used on regional basis. The assumption that a region is a
set of gauging sites whose hydrologic events frequency behaviour is homogeneous, in some quantifiable manner (Cunnane, 1988), allows to estimate hydrologic variables quintiles even in ungauged sites. In Italy a regionalized procedure
have been developed in the VaPI (Valutazione delle Piene in
Italia) project, based on the TCEV distribution (Rossi et al.,
1992). In the framework of the regional analysis of rainfall
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events in Tuscany (central Italy), a statistical methodology
for parameter estimation of a probabilistic mixture model is
here developed. The use of a probabilistic mixture model in
the regional analysis of rainfall extreme events, comes from
the hypothesis that rainfall phenomenon arises from two independent populations (Becchi et al., 2000; Caporali et al.,
2002). The first population describes the basic components
corresponding to the more frequent events of low magnitude,
controlled by the local morpho-climatic conditions. The second population characterizes the outlier component of more
intense and rare events, which is here considered due to the
aggregation at the large scale of meteorological phenomena.
As the rare component is due to the large scale state of energy and to the morpho-climatic conditions, it is assumed
that any regionalization procedure can be reduced to the use
of parameters of the basic or ordinary component.
The contribution of the basic and the outlier components
is presented as a mixture model, i.e. a convex combination
of two independent populations having Gumbel distribution.
Linearity of “sum” – operator leaves separated the contributions of the two populations, and it allows to evaluate separately their statistical parameters (Becchi et al., 2000).
Being very suitable for frequency analysis of extreme values, the L-moments method is proposed for parameter estimation (Hosking and Wallis, 1993). The L-moments are
in fact expectations of linear combinations of order statistics (Hosking, 1990) and are more robust to the data outliers
and virtually unbiased for small samples. Moreover the Lmoments have the very important advantage, over the conventional moments, of being less affected from the effects of
sampling variability being linear functions of the data.
In the following the probabilistic model and the parameter estimation method are described. A procedure to find an
estimation of the outlier percentage is also investigated.
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2 Model development and parameter estimation

if s=0 is expressed by:

The probability model is defined by the following convex
combination or mixture of two Gumbel distributions.
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I (i, j, r, s) =

where µ1 , µ2 are the modal values and θ1 , θ2 are proportional to the standard deviations of the two Gumbel distributions appearing in the mixture. The indexes 1 and 2 indicate
respectively the basic and the outlier component. Using the α
proportion, the model underlines the contribution of the two
independent components to the rainfall extreme values.
The fitting of the mixture model to the time series of rainfall extreme values is evaluated comparing the L-moments of
the at-site data (Hosking, 1990) with their theoretical expressions.
The theoretical expressions of the L-moments are defined
as linear combinations of the Probability Weighted Moments
(PWM) (Greenwood et al., 1979). The first four moments
are:
λ1 = β 0 ;
λ2 = 2β1 − β0 ,
λ4 = 20β3 − 30β2 + 12β1 + β0

(3)

where:
Z+∞
Z+∞
i
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x · FX (x) dF (x) =
x · FX (x)i · f (x)dx

(4)
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is the i-th PWM given by:
β0 = (1 − α) · θ1 · ln λ1 + α · θ2 · ln λ2 + γ [(1 − α) · θ1 + α · θ2 ] (5)
β1 = (1 − α)2 · I (1, 2, 1, 0) + (1 − α)α · I (1, 2, 0, 1)
+ (1 − α) α · I (2, 1, 0, 1) + α 2 · I (2, 1, 1, 0)
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and γ is the Euler’s constant;
≥1 is expressed by:
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λ3 = 6β2 − 6β1 + β0 ;
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if s>0 and

θi · [ln λi + γ + ln(r + 1)]
r +1

Application and preliminary conclusion

The analysis of the capability of the mixture model to reproduce the L-moments of the sample values has been carried
out using L-kurtosis (τ4 =λ4 /λ2 ) and L-skewness (τ3 =λ3 /λ2 ),
evaluated from Eqs. (3) and (5)–(8).
The study has been developed using time series, more than
30 years long, of annual maximum of daily rainfall height,
over a territory of about 22 000 km2 in Tuscany. In particular
201 time series, from 1916 to 1996, having a low spatial correlation, have been extracted from a set of 584 rain gauges.
Recently the database has been updated to the year 2000, and
307 time series have been extracted from a set of 880 rain
gauges.
The analysis has been worked out on both the data sets and
the L-moments, i.e. the L-kurtosis and the L-skewness, of the
sample have been compared with the corresponding theoretical ones (Fig. 1). The comparison shows that the mixture
model is able to reproduce the L-moments of the sample series on a wide range of values.

β3 = (1 − α)4 · I (1, 2, 3, 0) + 3(1 − α)3 α · I (1, 2, 2, 1)
+3(1 − α)2 α 2 · I (1, 2, 1, 2) + (1 − α)α 3 · I (1, 2, 0, 3)
+(1 − α)3 α · I (2, 1, 0, 3) + 3(1 − α)2 α 2 · I (2, 1, 1, 2)
+3(1 − α)α 3 · I (2, 1, 2, 1) + α 4 · I (2, 1, 3, 0)
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4.1

Future developments
Characterization of the outliers percentage

(8)

where:
I (i, j, r, s) =

4

(9)

With the aim to develop a regionalization procedure for the
parameters, based on the identification of homogeneous areas with respect to the basic component of the rainfall phenomena (Gabriele and Arnell, 1991), the spatial distribution
of the outliers, in the studied region, has been investigated.

weighted interpolation has been used to predict the value for any unmeasured site. A 2x2 km
grid has been generated (figure 2) assuming that each measured point has a local influence
that decreases
with the
distance and data sets that are close are more similar than
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Figure 2. Spatial distribution of outliers’ percentage α in the region (UTM coordinates [m]).

Fig. 2. Spatial distribution of outliers’ percentage α in the region
(UTM coordinates [m]).
Fig. 1. Comparison of the sample L-skewness versus L-kurtosis The
(·) relationship between sample data and associated value with each cell is:
n
with the corresponding theoretical L-moments of the mixture model
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values on the grid, distance between the ij cell
Particularly, the α proportion has been estimated and its spaand the measurement sites has been weighted. The decreastial distribution has been analyzed. As a first approximation,
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ber of outliers on the total number of events recorded in a rain
nent seems to be ν= 2. However, it still has to be proved that
gauge station. In future its relationships with territory charit is the optimal value, according to the minimization of the
acteristics (i.e. local elevation, slopes, exposure etc.) will be
root mean square prediction error.
also investigated.
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Outliers interpolation grid
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